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We study surface plasmons localized on interfaces between topologically trivial and topologically 
non-trivial time reversal invariant materials in three dimensions. For the interface between a metal 
and a topological insulator the magnetic polarization of the surface plasmon is rotated out of the 
plane of the interface; this effect should be experimentally observable by exciting the surface plasmon 
with polarized light. More interestingly, we argue that the same effect also is realized on the interface 
between vacuum and a doped topological insulator with non-vanishing bulk carrier density. 



I. INTRODUCTION 

Surface plasmons are localized excit ation s traveling 
along the interface between two materials 1 Classically 
they are only possible if one of the two materials has a 
real but negative permittivity e, while the other material 
has real and positive permittivity, e.g. can be taken to be 
vacuum. A typical example of a material with negative 
e is an idealized metal described in terms of a gas of free 
electrons with 



where ui p — is the plasma frequency (with n e be- 
ing the number density of electrons and m their effective 
mass). The 7 damping term is a small positive quan- 
tity setting the DC conductivity of the metal. For the 
ideal (7 = 0) Drude gas, this frequency dependent e is 
negative for uj < lj p . The description in terms of a free 
electron gas is typically a good description of metals for 
sufficiently large lu. 

In this work we study the properties of these sur- 
face plasmons when they are localized on a topologi- 
cally non-trivial interface. In three spatial dimensions 
a time reversal invariant band insulator is characterized 
by a Z 2 valued index characterizing the topology of the 
bandstructure^]. The low energy effective description 
of such a material contains a topological 9E ■ B ternP 
leading to modified constitutive relations for Maxwell's 
equations in matter. The parameter 9 is quantized to 
take values that arc integer multiples of n. By a topo- 
logically non-trivial interface we mean an interface across 
which 9 jumps. 

The simplest topologically non-trivial interface that 
supports surface plasmons is the interface between a 
topological insulator and a metal, e is real and posi- 
tive in the insulator and, for a range of frequencies, can 
be taken to be real and negative in the metal. We show 
that in this case the polarization of the surface plasmon 
experiences a non-trivial rotation due to the jump in 9 
across the interface: while for a standard metal/insulator 
interface the surface plasmon is entirely "transverse mag- 
netically" (TM) polarized, with both B and H lying in 
the plane of the interface (as well as orthogonal to the 



direction of propagation of the surface wave), in the topo- 
logically non-trivial case the magnetic field is rotated out 
of the plane of the interface by an angle v p oc aA9. 

A much more interesting realization of a topological in- 
terface is possible if the material with non-vanishing 9 it- 
self is displaying a permittivity of the form ([!]) . This may 
occur if a material exhibiting the topological bandstruc- 
ture of a topological insulator has, via doping, acquired 
a finite bulk carrier density. In fact, basically all ex- 
perimentally realized 3d TI materials, such as Bli-^Sb,,. 
alloysP^ Bi 2 Se 3 and Bi 2 Te#Eo] have a non-vanishing 
bulk carrier density. This is often seen as a major obsta- 
cle to observing the effects predicted by the low energy 
description of a topological insulator in terms of an effec- 
tive theory containing the topological 9E ■ B term. It has 
however recently been arguectmu' that even in gapless 
materials one can still meaningfully define topological 
indices based on the bandstructure; so correspondingly 
the topological term in the low energy effective action 
should still survive. These doped topological insulators 
(or "topological metals") should be described by a low 
energy effective action containing the standard quantized 
9 associated with the topological bandstructure together 
with an e(uj) appropriate for a conductor, that is for ex- 
ample of the form ([I]). Latter is accounting for the free 
charge carriers. As we will show, such a description will 
lead to a unique modification of surface plasmon proper- 
ties, most notably a non- vanishing v p . 

This effective field theory approach is limited to low 
frequencies. First one has integrated out modes with en- 
ergy larger than some energy E gap = Hui gap . These high 
energy modes had a topological non-trivial band struc- 
ture and so generated a non-trivial 9 term. The remain- 
ing dynamical degrees of freedom, the free charge carri- 
ers, are taken into account in terms of e(w). The main 
focus of our work is on the range of frequencies where 
e(u>) is real and negative. In the Drude model we are for 
example looking at 7 <C oj < uj p . As long as there is a 
hierarchy between 7 and w sap , that is 7 <C uj gap , there 
exists a range of frequencies for which our effective de- 
scription is valid for the range of frequencies in which the 
novel surface phenomena we describe here occur. Fur- 
thermore, the effective field theory description is only 
valid if the massless surface modes are in fact gapped by 
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an external T-breaking deformation. One simple experi- 
mental way to introduce such a deformation is an exter- 
nal magnetic field B z orthogonal to the interface. Surface 
plasmons in the presence of external magnetic fields are 
well understoocP^M^. j n particular, for an external field 
orthogonal to the interface one also finds a non-zero v p 
which vanishes as B z is taken to zero. By measuring v p 
as a function of B z one can find the topological v p as 
the constant off-set one approaches as B z — > 0. This off- 
set has equal magnitude but opposite sign depending on 
whether B z approaches zero from above or below. The 
experimental signature for identifying v p is hence in com- 
plete parallel to the proposal of Ref. [5] for measuring the 
Faraday and Kerr rotations associated with topologically 
non-trivial interfaces between two insulators. 

The organization of this paper is as follow. In the 
following section we will review the classical theory of 
surface plasmons. In section 3 we then work out the 
corresponding equations for the case of a topologically 
non-trivial interface. Most importantly, we obtain an 
expression for v p . In section 4 we discuss important gen- 
eralizations. In particular, we discuss external magnetic 
fields and discuss the behavior of function of B z . 

We also discuss the Kerr effect in the case of a topological 
non-trivial metal/insulator interface. 



II. REVIEW OF SURFACE PLASMON 
PROPERTIES 

To find a surface plasmon mode we look for a solution 
to Maxwell's equations that propagates along the inter- 
face but is exponentially damped away from the interface. 
With the interface at z = we can take the direction of 
propagation of the wave, without loss of generality, to be 
the x direction. 

There are two polarizations of surface plasmon modes 
that can in principle be constructed, even though typi- 
cally only one of them is possible, as we will explain. Let 
us first look at "transverse magnetic" (TM) modes. That 
is we are looking for a solution of the form 
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where the subscript i=>, < refers to the two regions 
z > and z < 0. We indicated that for the plasmon 
to be localized we need fcf = inf to be purely imaginary 
with positive (negative) imaginary part for z > (z < 0) . 
Solving Maxwell's equations with this ansatz yields the 
standard dispersion relation 



+ (X 2 ) 2 — k x ( K i) 2 — 



(3) 



To completely specify the solution we need to impose the 
standard interface boundary conditions following from 
Maxwell's equations, requiring continuity of Hy, Eh, D± 
and B±. Continuity of H» was built into our ansatz. For 



topologically trivial materials we have the simple consti- 
tutive relations 



D = eE, 



(4) 



so B is aligned with H and D with E. The transverse 
magnetic mode B± vanishes and so continuity is trivial. 
From Maxwell's equations we finally have 



E = -kx (cB), 



D 



-k x 



H 



so (using k — ck/us) 

n _ (fcf go) e x - jk x H ) e z i(kxX - ut ) jk^ 



(5) 
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As the coefficient of e z is identical on both sides of the in- 
terface, continuity of D± is automatically satisfied. Last 
but not least, continuity of Eh demands 
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To get the desired solution localized at the defect with 
opposite signs for fcf, we clearly need one of the to 
be negative (assuming they are real). As we will see, a 
propagating surface plasmon solution (meaning k x real, 
k z purely imaginary) can only be found if we don't just 
have opposite signs for the two e's but satisfy the slightly 
stronger condition that 



< 0. 



(8) 



The analysis for the transverse electric polarization 
starts with 



Ei = E e y e l{k * x - Ut} e- 



|ref | J! 



(9) 



and proceeds in parallel to above. One finds that this 
time n will have to take opposite signs on the two sides 
of the interface for this mode to exist. This is much 
harder to achieve in practice (even though for certain 
frequencies it can be done in meta-materials) . For the 
rest of this work we are going to assume that all /x are real 
and positive and so no transverse electrically polarized 
surface plasmons exist. 

Once the surface plasmon condition (JtJ) is met, one can 
solve for the properties of the surface plasmon using ^ 
together with the dispersion relation ([3]): 



, /e>e<(e>A 1 < ~ £ <M>) / 
k x = ui\ I RiUW/t- 



(e> + e<)(e> - e<) 
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(10) 



where in the last step we specialized to the case /i> 
/i< = (i. Last but not least (for equal ji) 




(11) 
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We see that, as we advertised above, propagating surface 
plasmons exist for real Ci when e>e< < (the two have 
opposite signs) and in addition e > +e < < (the negative 
e is larger in magnitude). 

As an example, take an interface between vacuum 
(e> = eo, /i> = jtxo) and a simple ideal Drude metal, 
that is /x< = fiQ and e< being given by the Drude re- 
lation with 7 = 0. The resulting surface plasmon 
dispersion relation is 



U 2 (k x ) = ^ +c 2fc2_^4 /4 + c 4 fc 4. (12 ) 



This solution describes the propagating surface plasmon 
which exists for < lj < lj p /\/2. There is a second 
propagating solution for lj 2 with a + sign in front of the 
root that exists for u> > lj p . This is simply a propagat- 
ing bulk wave in the Drude metal, which for lj > lj p 
has a positive e. No propagating solutions exist in the 
window jj p j\j2 < u) < lj p . The whole spectrum is dis- 
played in Figure [I] For small non-zero 7 the very low 
frequency region with w ~ 7 experiences some damping. 
For sufficiently small 7 the ideal Drude analysis of the 
surface plasmon applies in the regime 7 -C lj <C lj p /\/2. 
For very large k x (of order the Fermi momentum kf of 
the free charge carriers), where lj — > lj p /y/2, the sim- 
ple model also breaks down. We can no longer treat the 
metal in terms of a local permittivity e and need to take 
into account non-local effects. 




Figure 1: Dispersion relation for the surface plasmon (thick 
solid red line) and the bulk plasmon (thin solid blue) for a 
planar interface between an ideal Drude metal (7 = 0) and 
vacuum. Also indicated are the lines lj = ck x (black dotted 
line), lj = Up (thin dashed blue line) and lj = lj p /V2 (thick 
dashed red line). 



III. SURFACE PLASMONS IN TOPOLOGICAL 
INSULATORS 

In SI units the constitutive relations for a topological 
insulator read 
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with Cq = hq€q being the vacuum speed of light. The 
description of a TI in terms of the modified constitutive 
relations incorporating the topological magneto-electric 
effect is only valid when the massless topological sur- 
face modes are gapped. One option for a time-reversal 
breaking deformation that gaps the surface modes is an 
external magnetic field in the z direction. In this sec- 
tion we will first demonstrate the effect of the modified 
constitutive relations without explicitly including an ex- 
ternal magnetic field. As for Faraday and Kerr rotation, 
measuring the surface plasmon dispersion relation as a 
function of external magnetic field is an experimentally 
easy to define way to pin-point the topological properties 
of the material. 

There are two configurations we are interested in: (A) 
the interface between a genuine topological insulator and 
a metal and (B) the interface between vacuum and a 
topological "insulator" with a non-vanishing bulk con- 
ductivity. For (A) we have a positive e inside the TI 
while e in the metal can be negative, supporting the sur- 
face plasmon. For (B) we have e = eo positive for vac- 
uum, but e< inside the conducting TI can be negative, 
again supporting a surface plasmon. Doing the analysis 
for general e> and e< and A9 = 6>< — 6> automatically 
includes both cases. 

We start with the most general wave ansatz for E, 
allowing both for TE and TM polarizations; it is easy to 
see that a ansatz that is purely TM or purely TE on both 
sides of the interface is too restrictive to allow solutions: 
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Once more we are interested in a solution where kf is 
purely imaginary with opposite signs on the two sides 
of the interface. Our ansatz builds in continuity of E y , 
continuity of E x gives us a non-trivial condition on the 
TM polarization: 



CyE^kl = ^Efk^ 



(15) 



Maxwell's equations themselves are unmodified (only the 
constitutive relations were changed). Furthermore, we 
still have plane wave solutions with the dispersion rela- 
tion ([3]) and the relations between E and B (D and H) 
of (|5j). So we get in analogy with Q 

' (k x E )e z -(kfE )i x Ej ' 
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where we had to use the dispersion relation (J3|) . Conti- 
nuity of B± = B z is automatically satisfied. D and H 
follow from the constitutive relation (13 1. Continuity of 
D± requires 



e > c > E^ ~e Q a — (c Q E Q ) = e < c < E^-e a — (c E Q ) (17) 

7T 7T 



which, using our earlier relation ( |15[ ) can be used to solve 
for the TE to TM amplitude ratio (AG = < ~6 > ) : 
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Last but not least, continuity of Hn gives us two more 
conditions, one for the x 
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and one for the y component 
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(20) 



Reassuringly the condition on H y is redundant with what 
we found above in (18) from the continuity of D±. The 



H x condition can be solved by a relation similar to ( 18 ) 
for the TE to TM amplitude ratio: 



E 1 - v fJ-QCnEn. 

a{A0/i:)^ > ^ < c < 



(21) 



For the two equations relating TE and TM amplitude, 



(|18| and \21\ to be simultaneously satisfied we need 

[6<-e>(fc*/fc*)] M*>/*<)-/*>] 

(22) 

For A# = this nicely yields two polarizations, the stan- 
dard equations for our TM polarized surface modes Q 
as well as the magnetic analog with TE polarization and 
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(23) 



As mentioned before, latter would require negative \x and 
so typically this TE surface plasmon is not realized. In- 
cluding the effects of AO the two solutions become: 
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For A9 = this correctly reduces to fc</fc> = e</e> 
and k^/ky — /i < /n > respectively. For materials with no 
significant magnetism (/z ~ fio) the latter does not give 



rise to a propagating surface plasmon. Specializing to 
M> = M< = Mo 7 (24) simplifies to 
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To see how this affects the dispersion relation note that 
for any surface plasmon like solution with /i> = /i< = /i 
we get directly from the dispersion relations ([3| 



(26) 



where for us x will be given by the negative sign solution 
of ( [25] ). Taking a = 1/137, Ad = it and one e to be 
eo, while the other is given by the ideal (7 = 0) Drude 
formula ([!]) leads to a dispersion spectrum that is almost 
indistinguishable from the one plotted in Figure [l] for the 
topological trivial case (as air < 1). One can however no- 
tice some quantitative differences. One interesting effect 
is that the asymptotic (large k x ) frequency of the surface 
plasmon shifts from its Drude value of Woo = w p /v2 to 
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The most notable and probably experimentally most eas- 
ily accessible feature is that the polarization of the sur- 
face plasma wave is altered. Unlike the 0(a 2 ) modifi- 
cations to the dispersion relation this change in polar- 
ization occurs already at 0(a). Furthermore, it is sen- 
sitive to the sign of AO and so it will change direction 
as the external T-breaking deformation that gapped the 
massless fermionic surface modes changes sign. While 
in the topological trivial case the surface plasmon wave 
is completely polarized in the TM direction and corre- 
spondingly E ■ e y ~ i?o = 0, in the topological non-trivial 
wave the surface plasmon acquires a non-vanishing TE 
component given by (iTsp : 



tan(^p) = 



< (e< 
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E< a{A0/^)cn€n 
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This angle should be measurable experimentally by try- 
ing to couple polarized light into surface plasmons. Sur- 
face plasmons can not directly be excited by light; the 
plasmon dispersion curve always lies below the dispersion 
of light, so there is no direct coupling of light into plas- 
mons. But it is well known how to circumvent this prob- 
lem: coupling the light via a grating^ or, equivalcntly, 
through a rough surface allows Umklapp processes that 
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can change the momentum of the photon to couple to 
the surface plasmon. Alte rnativ ely, "attenuated total re- 
flection" can be employe d 17 * 18 ! to provide the incoming 
radiation with an imaginary wave vector in the direction 
perpendicular to the surface. In either case, tuning the 
polarization of the incoming radiation one should find a 
maximum in the light-plasmon coupling when the polar- 
ization of the external light has maximal overlap with the 
polarization of the allowed plasmon modes as character- 
ized by Up. 



interface it will tend to a constant. This constant has 
opposite sign depending on whether we dial B z to zero 
from B z > or from B z < 0. Around B z ~ the polar- 
ization experiences a rapid transition from u p given by 



(28) to -u p 



B. Kerr Effect 



IV. GENERALIZATIONS: EXTERNAL FIELDS 
AND KERR EFFECT 

A. External Magnetic Fields 

The effective field theory description in terms of the 



modified constitutive relations ( 13 ) is only valid if the 



surface modes are gapped by an external, T-breaking per- 
turbation. In particular, whether should be taken to 
be +7r or — 7r depends on the sign on the external pertur- 
bation. Note that while the modification of the plasmon 
dispersion relation only depends on (A6) 2 and so is in- 
sensitive to the sign of 0, the plasmon polarization angle 
Up of (28) actually changes sign as changes from ir to 
— 7T and so is sensitive to the external T-breaking pertur- 
bation. 

A simple way to gap the surface modes is to turn on 
an external magnetic field perpendicular to the interface, 
B e xt = B z e z in our case. The sign of B z determines 
the sign of 9 and hence the sign of v p . An external mag- 
netic field will also give rise to a non-trivial u p that grows 
with the magnetic field^t^. The effect of the orthogonal 
magnetic field is to modify the constitutive relations, as 
e depends on B z . Most notably, magnetic fields force us 
to treat e as a tensor and, in particular, give rise to a 
non-trivial e xy . For the ideal Drude metal one has for 
example 
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The resulting linear equations for the surface plasmon 
turn out to be rather cumbersome, but the general so- 
lution has been presented quite comprehensively in Ref. 
IT51 The details of the analysis are not important for us, 
but the crucial point is that u p is non-zero at finite B z . 
While it in general depends on B z in a non-linear fashion, 
it does nicely go to zero as B z goes to zero. 

So in order to experimentally measure the topological 
properties of the plasmon we can follow the same strat- 
egy as proposed in Ref. [5j one needs to measure u p as 
a function of external magnetic field. For topologically 
trivial interfaces (AO = 0) u p will go to zero linearly with 
B z for small B z , whereas for a topologically non-trivial 



For con stant (that is frequency independent) e and \x it 
was showiPE^] that light reflecting off a topological non- 
trivial interface experiences a non-trivial Kerr rotation 
of its polarization. In addition, the light transmitted 
through the interface also experienced a non-trivial Fara- 
day rotation. A suit able li near combination of the two 
angles has been showip212il to be quantized in units of a. 
This quantization is robust even after the effects of the 
finite thickness of the film are taken into account. In our 
case, where the frequency dependent e in the frequency 
range of interest (ui < ui p ) is negative, there is clearly no 
transmitted wave (the only propagating degrees of free- 
dom with ui < Lu p are the surface plasmons). Light with 
uj < ujp is completely reflected (to couple it into sur- 
face plasmons one needs to utilize a grating, as we men- 
tioned before. Without the grating, light is completely 
reflected). This reflected light of course still experiences 
a Kerr rotation. The angle of the Kerr rotation Ok is still 
given by the identical expression as in I5|19l For a light 
in-coming at orthogonal incidence from (say) z > we 
have (in SI units): 
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where Yi = J e%/ fii is the admittance of the two media 
and vacuum respectively. As long as e> and fj, > are real 
and positive, we can send in such an incoming wave. For 
negative e< we have real and negative as well, but 
this still yields a perfectly real and well defined Ok- The 
main difference to the case of a wave reflecting of a di- 
electric is that wavevector k = k z e z is purely imaginary 
for z < and there is no transmitted wave. This does not 
affect the calculation of the Kerr angle. Kerr effect and 
the polarization of surface plasmons however are clear 
experimental signatures of a topological metal. 

For uj > ujp the ideal Drude metal behaves like a di- 
electric with both \i and e real and positive. In this case, 
transmitted and reflected wave do exist and light expe- 
riences the standard Kerr and Faraday rotations associ- 
ated with topological insulators. Unless the material has 
a built in hierarchy with u] gap 2> ui p , this high frequency 
regime of the Drude metal is however beyond the validity 
of our effective field theory. 
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